Monotone Comparative Statics

When s the Argmax increasing?

Definitions

FixXgIRandTQ]Randafunctionf:XXT — R
B) = argmax,ey fx,1
Take X, Xp € X with xj, > x¢, t,tp €T, t, >ty

Increasing Differences (ID)

S tn) = fxe,tn) 2 flan te) = f(xe,te)
Strict Increasing Differences (SID)
fQnotn) = fQxe tn) > fen te) = fxe, te)
Single Crossing Property (SCP)

f(xh, tg) - f(Xg, tg) > 0 implies f(xh, th) - f(Xg, th) >
flxn, te) = f(xe, te) > Oimplies f(xp, tp) — f(xe, ty) >

Strict Single Crossing Property (SSCP)

f(xh, te) — f(xg, t¢) = 0 implies f(xh, th) — f(Xg, ty) > 0
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SID

(1) Asuume f is differentiable then crospartials of f
are strictly positive if and only if f has SID

(2) If f has (S)ID then f satisfies (S)SCP
(3) If f is constant in X or constant in f, then f has ID

(4) If f satisfies the SSCP and §: R = R srt.
increasing then g o f satisfies SSCP

(5) If f has SID and g: IR — R strictly increasing
does not imply go f has SID

(6) If f1 has SID and fz has ID then f1 +f2 has SID

(7) If f1 satisfies (S)SCP and f, satisfies (S)SCP
does not imply f1 + f, satisfies (S)SCP*

*[3] shows that (S)SCP under addition may be preserved under certain conditions
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Example

Theorem 1

If f satisfies SSCP, t; < tj, x; € P(t¢) and x5, € P(ty)
then x, < Xy,

Proof

Note that f(x, t;) = f(xy, te) = 0. So, if xp > xy, then,
by SSCP, f(x¢,ty)— f(xy, ty) > 0,which contradicts
Xy € (p(th). Thus, x, < xy,.

Theorem 2

If f satisfies SCP, tp < tj, xp € P(t;), and x, € P(ty,)
then mi].’l(Xg, xh) S (P(tg) and max(xg, xh) S (P(th)

Proof

If xj, < xp and xj, ¢ (P(tg) then f(Xf, tg) —f(Xh, fg) > 0.
So, by SCP, f(x¢,ty)— f(xy, ty) > 0, which contradicts
xp € @(ty). Thus, either x, < xj or x5 € P(ty). In any case,
min(xg, x,) € @(t¢). The other conclusion is analogous.

Alice's tree cutting problem

Alice owns a tree and must decide the day x € IN to cut it
down and sell its wood. The size of the three at day x is given
by a positive but not necessary monotone function g :IN — R*.
Alice is implatient with discount factor 6 € (0, 1). So, her
objective is to find the date x > 0 that maximizes

f(x,6) = 6% g()
Suppose that Alice suddenly becomes more patient and her
discount factor changes from §g to 61 with 61 > &,.
What can we say about solutions xy € (0¢) and x1 € ¢(61)?

Solution: Note that the function x log(d) has SID by (1) and
log(g(x)) has ID by (3). So, their sum satisfies SID by (6).
Thus, by (3), it also satisfies SSCP. Since the exp is increasing,
(4) implies

flx,0) = 6% -log(g(x))

= exp(x log(0) + log(g(x)))
aslo satisfies SSCP.

Since Oy < 01, it follows by Theorem 1 that x; < x7. So, the
more patient Alice becomes, the longer she waits to cutdown
the tree.
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