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David Blackwell

@ 7th african american to receive a Ph.D in mathematics

@ lllinois at Urbana-Champaign
@ 1st african american professor at Berkeley

@ 1st african american inducted into the National Academy of Sciences
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Decision Problem

e States: O (finite)

e Decision Problem (for ©) denoted DP = (A, u, p)

o Compact action set: A

e Continuous utility Function: u: A x © - R
e Support Prior: p € A(O)

o Objective:

max > p(0) - u(a.0)
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@ Experiment: E = (5, 7)

e Set of signals: S (finite)
e Conditional distribution mapping 7 : © — A(S)

@ Strategy for E: mapping a: S — A(A)
@ Xp: Set of Strategies for E

@ Expected utility for DP given E:

V(E,DP) = max u(a,0)-aa|s) -m(s|8)-p(d)
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Garblings

Definition
An experiment E' = (S’,7’) is a garbling of another experiment E = (S, 7) if there is
a mapping 7 : S — A(S’) such that

'(s'18) =Y (s | 8)-m(s | )

seS
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Garblings

Definition
An experiment E' = (S’,7’) is a garbling of another experiment E = (S, 7) if there is
a mapping 7 : S — A(S’) such that

'(s'18) =Y (s | 8)-m(s | )

seS

@ [’ "adds’ noise to F

@ Defines partial order on the set of experiments

e Remark: Not all pairs of experiments are ranked
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More Information

Definition

E is more informative than E’ if for any decision problem DP,

V(E,DP) > V(E',DP)
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More Information

Definition

E is more informative than E’ if for any decision problem DP,

V(E,DP) > V(E',DP)

@ Any Bayesian agent prefers to observe E rather than E’

@ This ranking defines partial order on the set of experiments

e Remark: Not all pairs of experiments are ranked
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Blackwell's Equivalence Result

The following statements are equivalent:

© FE’' isagarbling of E.

© FE is more informative than E’.
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Blackwell's Informativeness Theorem: Proof

Proof?
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Original Proof

@ Blackwell 1951

@ Blackwell 1953
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Original Proof

@ Blackwell 1951

@ Blackwell 1953

@ Blackwell and Girschick (1954): 6 Equivalent conditions
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Simpler Proof

Jacques Cremer (1981)
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Simpler Proof

Jacques Cremer (1981)

Sl:

S2:

S3:

S4:

S5:

>R
n*(-|-)ED.
For all g € R™*", there exists {b,».} € B such that:
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k
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k1 k2 i
For all g € R™*";
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;‘2
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i
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Category Theory in Context

Proof of Blackwell theorem using Category Theory
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Category Theory in Context

Proof of Blackwell theorem using Category Theory

A U R O REGASEEEE
& MODERN MATH ORIGINA TH

CATEGORY - |
THEORY ™ @ Studies relations between objects

@ We will use only chapter 1

N
CONTEXT

pe e Applications in Economic Theory,
|
= Neuroscience, Physics, Linguistics, etc.

Emily Riehl
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Set Theory vs Category Theory

@ Set Theory: Interested in different kinds of objects

e Category Theory: Interested in relations between objects

Mathematical Mathematical
Object Morphism Object
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Composition of Morphisms

e A,

— o———> 0o

\m%/-’
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Category - Definition

@ Objects: XY, Z, ...

e Eg.: numbers, sets, vectors, hyper-planes, states, signals, actions
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@ Morphisms f,g,h, ...

e “Generalization” of a mapping

e Notation: f: X --» Y where “domain” and “codomain” are the objects

e Each object X has a identity morphism Idy : X --» X

e Foreachpair f: X --»Y,¢g:Y --» Z, there is a composition
gof:X -7
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Category - Definition

@ Objects: XY, Z, ...
e Eg.: numbers, sets, vectors, hyper-planes, states, signals, actions

@ Morphisms f,g,h, ...

e “Generalization” of a mapping

e Notation: f: X --» Y where “domain” and “codomain” are the objects

e Each object X has a identity morphism Idy : X --» X

e Foreachpair f: X --»Y,¢g:Y --» Z, there is a composition
gof:X -7

@ Category is a set of Objects and Morphisms that satisfy two Axioms
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Axioms

© Axiom 1:

Foreach f: X --»Y, Idyof=foldx=f

16/97



Axioms

© Axiom 1:

Foreach f: X --»Y, Idyof=foldx=f

© Axiom 2:

Foreach f: X -—»Y,g:Y -—»Z h:Z --> W,

folgoh)=(fog)oh
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Rermark: Morphisms vs Mappings

@ f:X --»Y is not necessarily a function from X to Y
@ f:X --»Y “represents" a function f: Obj(X) — Obj(Y)

e Obj(X) is a mathematical object that depends on X (can be X)
e Obj(Y) is a mathematical object that depends on Y (can be Y)

@ f:X --»Yisdifferent from f: X —» Y
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© Category of sets and functions
©@ Category of topological spaces and continuous functions

© Category of measurable spaces and measurable functions
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© Category of sets and functions
©@ Category of topological spaces and continuous functions
© Category of measurable spaces and measurable functions

© Category of natural numbers and matrices:
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© Category of sets and functions
©@ Category of topological spaces and continuous functions
© Category of measurable spaces and measurable functions

© Category of natural numbers and matrices:

@ An object is a number n € N
@ A morphism f :n --» m is a linear function from R" to R™

@ Represented by a matrix of size m x n
@ lIdentity of n : I,

@ Composition: Matrix multiplication
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Category of Stochastic Mappings

@ Objects: 9, A, S, S’ (finite sets)
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Category of Stochastic Mappings

@ Objects: 9, A, S, S’ (finite sets)

@ A morphism f: X --» Y isa function f: X — AY
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Category of Stochastic Mappings

@ Objects: 9, A, S, S’ (finite sets)

@ A morphism f: X --» Y isa function f: X — AY

e Identity: Idyx : X --» X Identity mapping Idx : X — A(X)

o Idx(z|a)=1iffz =21
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Category of Stochastic Mappings

@ Objects: 9, A, S, S’ (finite sets)

@ A morphism f: X --» Y isa function f: X — AY

e Identity: Idyx : X --» X Identity mapping Idx : X — A(X)
o Idx(x|a')=1iffz =21’

° Composition' f:X--2Y g:Y -7 definegof:X --+ 7 as
° gof(z Zg ly)- fly | =)
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Axioms are Satisfied

Axioms
@ Foreach f: X --»Y,

o Idyof=foldy=f

@ Foreach f: X --»Y,9:Y -2, h:Z-->W,

o fo(goh)(w|x Zth ly) - fly| )
o (fog)oh(w|x Zth ly)- fy | )
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Commuting Diagrams

X Y

I I
L

| J g :
v

v
g
-=-» Z

@ Say the “diagram commutes” if go f = ¢’ o f’

@ Any two paths with same beginning and end define the same morphism
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Henrique de Oliveira, 2018

Observation: Strategies and experiments belong to

the same category: The category of stochastic

mappings.

Advantage: Uses “commuting diagrams’ to provide

an elegant proof
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E' = (5',7') is a garbling of E = (7, S) if there is some stochastic mapping

v S — A(S’) so the diagram commutes.
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Conditional Distribution of Actions

@ For each £ = (S, 7) and A, define
AEA) ={aorm|a:5--» A}

@ When does A(E’, A) C A(E, A) holds ?

e Holds if for each o/ : S’ --» A there exists some o : S --» A

so that a o™ = o/ o 7’ (the diagram commutes)
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Blackwell's Equivalence Theorem

Theorem
The following statements are equivalent:

@ L' is a garbling of E.

© For any action set A, A(E'; A) C A(E,A).

© E is more informative than E': V(E,DP) > V(E',DP) for each DP

25/97



Blackwell's Equivalence Theorem

The following statements are equivalent:
© Statement in terms of information

@ Statement in terms of possibilities

© Statement in terms of payoffs
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Proof (1) Implies (2)

To show: There is some yso that yor =7" = A(E,A) CA(E,A)
I
v s v

Fix o/, wish to find o that commutes the diagram
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Proof (1) Implies (2)

To show: There is some yso that yor =7 = A(E,A) CA(E,A)

Define o = o' 0 7,

26/97



Proof (2) Implies (1)

To show: A(E';A) CA(E,A) = Thereis some 7 so that yor =7’
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Proof (2) Implies (1)

To show: AE',A) CA(E;A) = Thereis some vy so that yorm =7’

@ Set A= 5" and take o/ = Idg

@ By (2), there is some « that commutes the diagram

e Notice: 7' =7"oldss =aow
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Proof (2) Implies (3)
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Proof (2) Implies (3)

V(E,DP) = max Zu(a,&) cafa|s)-m(s]0)-pd)
0,a,s

- e, Yl 0)- X 0)-5(0

Thus, V(E,DP) > V(F',DP)
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Proof (3) Implies (2)

@ Assume exists X € A(E', A)\A(E, A)
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Proof (3) Implies (2)

@ Assume exists X € A(E', A)\A(E, A)

@ A(E,A) Cc R®*4 is compact and convex
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Proof (3) Implies (2)

@ Assume exists X € A(E', A)\A(E, A)
@ A(E,A) Cc R®*4 is compact and convex

@ There is a hyperplane u € R®*4 such that, for each A € A(E, A),

Zu(Q,a Aa | 0) < Zu&a )-N(a|6)
6,a
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Proof (3) Implies (2)

@ Assume exists X € A(E', A)\A(E, A)
@ A(E,A) Cc R®*4 is compact and convex

@ There is a hyperplane u € R®*4 such that, for each A € A(E, A),

Zu(Q,a Aa | 0) < Zu&a )-N(a|6)
6,a

@ Then V(E,DP) < V(E',DP) for DP = (A,u,p) with uniform p
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Blackwell Theorem:

Applications



Application

@ Buyer has valuation v of object

e v is distributed uniformly in [0, 1]
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Application

@ Buyer has valuation v of object

e v is distributed uniformly in [0, 1]

@ Seller does not observe v

o Seller observes some experiment (E, ) of v
e Provides a take it or leave it price p to Buyer

e Buyer buys iffv > p
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Application

@ Buyer has valuation v of object

e v is distributed uniformly in [0, 1]

@ Seller does not observe v

o Seller observes some experiment (E, ) of v
e Provides a take it or leave it price p to Buyer
e Buyer buys iffv > p

@ To Show: Seller's expected revenue is in [, 5]
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Best Experiment vs. Worst Experiment

@ Seller faces a decision problem:

@ Unknown state: Buyer's valuation v

@ Objective: Choosing the right price p

32/97



Best Experiment vs. Worst Experiment

@ Seller faces a decision problem:

@ Unknown state: Buyer's valuation v

@ Objective: Choosing the right price p
@ Best experiment: Fully Revealing

@ Any other experiment is a garbling of a fully revealing experiment.
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Best Experiment vs. Worst Experiment

@ Seller faces a decision problem:

@ Unknown state: Buyer's valuation v

@ Objective: Choosing the right price p
@ Best experiment: Fully Revealing

@ Any other experiment is a garbling of a fully revealing experiment.

@ Worst experiment: Observe nothing

e Observing nothing is a garbling of any experiment
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Best Experiment vs. Worst Experiment

@ Seller faces a decision problem:

@ Unknown state: Buyer's valuation v

@ Objective: Choosing the right price p
@ Best experiment: Fully Revealing
e Any other experiment is a garbling of a fully revealing experiment.

@ Worst experiment: Observe nothing

e Observing nothing is a garbling of any experiment

@ Blackwell: Payoffs bounded by the best and the worst experiments
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Best Experiment

@ Best Experiment: Observing buyer's valuation

e Optimal price: p = v.

o Expected revenue: Efv] =

D=
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Best Experiment

@ Best Experiment: Observing buyer's valuation

e Optimal price: p = v.

o Expected revenue: Efv] =

N |

@ Blackwell’s Theorem: If a seller can observe experiment (E, 7), the expected

revenue will be lower than %
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Worst Experiment

@ Worst Experiment: Observing nothing

e Optimal price: p = %
e Probability of sale: %
o Expected revenue: % X % = }l.
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Worst Experiment

@ Worst Experiment: Observing nothing

e Optimal price: p = %
e Probability of sale: %
o Expected revenue: % X % = }l.

@ Blackwell’s Theorem: If a seller can observe experiment (E, ), the expected

revenue will be higher than }1.
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Exercise: Comparison of Gaussian Signals

Two signals: X ~ N(u,0?) and Y ~ N(p,0.25 - o)
Case 1 Known variable: % - Unknown state 6 = 1
Case 2 Known variable: u - Unknown state ¢ = o

Case 3 Unknown state 0 = (p, 0?)

When are signals comparable? ~ Which signal is more informative?
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Application: Comparison of Gaussian Signals

Two signals: X ~ N(u,0?) and Y ~ N(p,0.25 - 0?%)

Case 1 Known variable o - Unknown state 6 =

o X is less informative than Y:

X has same distribution as Y + Z with Z ~ N(0,0.75 - 02)
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Application: Comparison of Gaussian Signals

Two signals: X ~ N(u,0?) and Y ~ N(p,0.25 - 0?%)

Case 1 Known variable o - Unknown state 6 =
@ X is less informative than Y:
X has same distribution as Y + Z with Z ~ N(0,0.75 - 02)
Case 2 Known variable i - Unknown state 6 = o2

e X and Y are equally informative:

@ 2Y — p has same distribution as X
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Application: Comparison of Gaussian Signals

Two signals: X ~ N(u,0?) and Y ~ N(p,0.25 - 0?%)

Case 1 Known variable 02 - Unknown state = 1
@ X is less informative than Y:
X has same distribution as Y + Z with Z ~ N(0,0.75 - 02)
Case 2 Known variable i - Unknown state 6 = o2
e X and Y are equally informative:

@ 2Y — p has same distribution as X

Case 3 Unknown state 0 = (1, 0)

e X and Y are not comparable (Hansen and Torgersen, 1954)

36/97



Blackwell's Theorem:

Other Useful Equivalent Statements
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Blackwell's Equivalence Theorem:

Theorem
The following statements are equivalent:

@ L' is a garbling of E.

© For any action set A, A(E'; A) C A(E,A).

© E is more informative than E': V(E,DP) > V(E',DP) for each DP
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Blackwell's Equivalence Theorem:

Equivalence between:
© Statement in terms of information

@ Statement in terms of possibilities

© Statement in terms of payoffs
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Blackwell's Equivalence Theorem:

Equivalence between:
© Statement in terms of information
©@ Statement in terms of possibilities
@ Statement in terms of payoffs
© New: Statement in terms of posterior beliefs

© New: Statement in terms of convex optimization
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@ Fix E={S,7} and E' = {5, 7'}
@ The garbling ranking is silent how signals s and s’ are correlated

e Garbling are in terms of distributions 7 : © — A(S) and 7' : © — A(Y’)

e Not about linking a realization s from a realization s’

@ If P is a probability space that captures the realisation of (6, s, s’)

e then ranking £ and E’ does not pin down the distribution (6, s, s)
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Law of lterated Expectations

Rick Durrett - Probability: Theory and Examples

Law of Iterated Expectations (Theorem 4.1.13)
Fix a probability space P = (2, F,P) and let F, C F; C F be o-algebras. If the

random variable X satisfies E[|X|] < oo, then:

E[E[X | FA] | F]=E[E[X | F]|F]=EX|F]

@ If /o =F and F; = F(Y) then:
E[EX[Y]]=E[X]
@ If 75 = F(Y,) and F; = F(Y1,Y5) then:

E[EX[Y1,Ys] | Y, ] =EX|Y,
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Distributions of Beliefs

@ We will be interested in objects in the space A(A(©))

e an F € A(A(O)) is called a distribution of beliefs

@ Example:
e FixO = {91,92,93}
o Fix beliefs p; = (0.6,0.2,0.2) and ps = (0.1,0.2,0.7) in A(O)

o F(p1) = F(ps) = % is a distribution of beliefs
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Mean Preserving Spreads

Definition
A distribution of beliefs ' € A(A(©)) is a mean-preserving spread (MPS) of

F € A(A(®)) if there is some probability space P with A(©)-valued random variables
Z, Z such that

Q@ Z~F Z~F

Q@ E(Z|2)=2Z

@ By the law of iterated expectations: E(Z) = E(Z)
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Mean Preserving Spreads

Definition

A distribution of beliefs ' € A(A(©)) is a mean-preserving spread (MPS) of

F € A(A(®)) if there is some probability space P with A(©)-valued random variables
Z, Z such that

Q@ Z~F Z~F

Q@ E(Z|2)=2Z

@ By the law of iterated expectations: E(Z) = E(Z)
@ Exercise: Show (2) is equivalent to the existence of a random variable W such

that: Z=Z + W and E[W | Z] =0
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Definition

A distribution of beliefs ' € A(A(©)) is a mean-preserving spread (MPS) of
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Mean Preserving Spreads

Definition

A distribution of beliefs ' € A(A(©)) is a mean-preserving spread (MPS) of

F € A(A(®)) if there is some probability space P with A(©)-valued random variables
Z, Z such that

Q@ Z~F Z~F

Q@ E(Z|2)=2Z

@ By the law of iterated expectations: E(Z) = E(Z)
@ Exercise: Show (2) is equivalent to the existence of a random variable W such

that: Z=Z + W and E[W | Z] =0
@ Exercise: Show (2) implies supp(Z) C conv(supp(Z))
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Convex Order

A distribution of beliefs F € A(A(©)) dominates F € A(A(®)) in the convex

order if for every continuous convex function h : A(0) — R,

[ nwyare) > [ wpaFo)
A(O)

A(©)
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Blackwell's Equivalence Theorem

The following statements are equivalent:

@ L' is a garbling of E.
© For any action set A, A(E', A) C A(E,A).
© E is more informative than E': V(E,DP) > V(E’,DP) for each DP.

©Q New: For any prior p € A(©), if F and F' are the distributions of posterior
beliefs induced by E and E’, then F is a MPS of F’.

©@ New: For any prior p € A(O), if F' and F' are the distributions of posterior

beliefs induced by E and E’, then F' dominates F’ in the convex order.
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@ Follow Annie Liang notes
@ We have shown: (1) <= (2) < (3)
e Suffices to show:

o (1)=(4),

e (4)=(5), and
° (5)= (1)
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Proof: (1) = (4)

@ FE = (S,m)is a garbling of £/ = (5", 7’) (with v : S — A(S5")).

@ Fix p € A(O) and define probability space P on 2 = © x S x S’ with
o Pl0,s,s] =p(0)-w(s|0)-v(s"|s)
e O: random realization of state 6
e S and S’: random realizations of signals s and s’

e Z and Z’: random realizations of posterior beliefs of s and s’

Zy =E[1,00]|S] and  Z,:=E[1,[0]| S

@ To show: E[Zy | Z'| = Z| for each § € O
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Proof: (1) = (4)

In the probability space P: ® and S’ are correlated only trough S
©--»5--»95
P[0, s,s'l =p(0) -7(s | 0) - v(s" | s)

@ By construction, for each (0,s,5") € © x S x 5"
PO=0,S=5|S=s]=PO=0|S=s5]-PO=60]|S =s]

@ Hence, © and S’ are conditionally independent given S
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Proof: (1) = (4)

By conditinal independence of ® and S’ conditional on S:
Zy = E[1,[©] | S] = E[14[0] | 5, 5]
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Proof: (1) = (4)

By conditinal independence of ® and S’ conditional on S:
Zy = E[1,[©] | S] = E[14[0] | 5, 5]

Then, E[Zy|S'] = E[ E[14[©] | S,8"] | §']
=E[ 1,[0©] | & by law of I.E.
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Proof: (1) = (4)

By conditinal independence of ® and S’ conditional on S:
Zy = E[1,[©] | S] = E[14[0] | 5, 5]

Then, E[2,|S'] = B E[1,(0] | 5.8 | 5"
=E[ 1,[0©] | & by law of I.E.
= Z,
Thus, E[Z,| 2| =E[E[Z,| S, 2| Z'] by law of L.E.
=E[E[Zy | S']| Z'] since Z' is a function of S’
=E[ Z,| Z'] by the eq. above
= Zj
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Proof: (4) = (5)

Assume Z and Z’ satisfy E[Z | Z'] = Z’. Then, if h is convex and continuous,

=E[E[h(Z) | Z'| by law of I.E.
>E [WE[Z | Z'])] by Jensen's inequality
=E[h(Z")] by assumption
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Proof: (5) = (2)

@ Fix a decision problem DP = (A, u, p).

@ Write h(q) = max q(0) - u(a, d) for the max payoff under ¢ € A(O).
ac
6e6

@ Pointwise max of linear functions.

@ Continuous and convex.

@ If F and F are induced posterior beliefs of £ and E, then

V(E,DP) = /

[ H0aF@ = [ @i = V(E,DP)

A(©)
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Final Remark

@ Conditions (1)-(5) are hard to verify when |©] > 3
@ Condition (4) (F is a MPS of F) is easy to verify when © = {0, 1}

@ Abuse of notation:

o F, F are the cdf of the posterior P(@ =1 S), P(©@ =1 S)

Assume F and F are distributions on [0,1]. F is mean preserving spread of F” if

and only if
o Ep[Z] = Ez[Z] (Same expected posterior)

° / F(t)dt > / F(t)dt for each z € [0, 1] (second-order dominance)
0 0

o
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Blackwell’'s Theorem:

Extensions
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Extensions

© Dynamic decision problems?

©@ Multiple players?
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Extension | : Dynamic Decision Problems

@ What if the decision maker receives information and takes decisions over time?
@ What is the right notion of “dynamic” garbling?

@ Does Blackwell's Theorem hold?

e What does it exactly state?
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Extension | : Dynamic Decision Problems

@ Focus on two periods of time: ¢t = 1,2

@ Dynamic experiment: E = (S}, S, m) where 7 : © — A(S; X 53)
o m:0 — A(S; x 5)
e S;: Signal at period ¢

@ Dynamic decision problem: DP = (A, As, u, p)

e A, action taken at period t
o Utility u:0© x A1 x Ay > R
e Prior of the state: p € A(O)

@ At each period t agent observes s; € S; and chooses action a; € A;
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Strategies as Adapted Mappings

@ Strategy (aj,a9): a1 :S] — A(A;) and ay 1 S; X So x A — A(Ay)

e A pair of (g, ) is not a stochastic mapping.

e How do we represent (ay,as) as a stochastic mapping?
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Strategies as Adapted Mappings

@ Strategy (aj,a9): a1 :S] — A(A;) and ay 1 S; X So x A — A(Ay)

e A pair of (g, ) is not a stochastic mapping.

e How do we represent (ay,as) as a stochastic mapping?
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Strategies as Adapted Mappings

@ Strategy (aj,a9): a1 :S] — A(A;) and ay 1 S; X So x A — A(Ay)

e A pair of (g, ) is not a stochastic mapping.

e How do we represent (ay,as) as a stochastic mapping?

@ «a: 5 xSy = A(A; x Ay) is Adapted mapping if for each (s1,s2) € S1 X Sy

and (aq,as) € Ay X Ag, afay | $1,82) := Za(al,az | s1,82) is constant in ss.

az

e The marginal distribution on A; depends only on S}
e S, does not affect A

@ Induces a stochastic mapping a; : S; --+ A
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Strategies as Adapted Mappings

© Every strategy (ay, az) induces a unique adapted mapping .

© Every adapted mapping « induces a unique strategy (a1, as).
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Strategies as Adapted Mappings

© Every strategy (ay, az) induces a unique adapted mapping .

© Every adapted mapping « induces a unique strategy (a1, as).

To show (1):

OZ(GLCLQ | 81,32) = al(a1 | 81) : a2(a2 | 81782,a1)
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Strategies as Adapted Mappings

© Every strategy (ay, az) induces a unique adapted mapping .

© Every adapted mapping « induces a unique strategy (a1, as).

To show (1):

OZ(GLCLQ | 81,32) = al(a1 | 81) : a2(a2 | 81782,a1)
To show (2):

o is the induced marginal of «

a(a1,a2s1,52)

a2(a2| 31782,@1)::: afar]s1)
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Adapted Garblings as Commuting Diagrams

O 51 x8y 5

|

"o )
| Q1
v v

Al X AQ e Al

« is adapted if there exists a;; that make the diagram commute

58/97



Adapted Garblings

an experiment E' = (S}, S5, 7) is an adapted garbling of E = (S}, Sy, 7) if there is
some 7y : (S X Sg) — A(S] x S5) such that

Q@ 7 =nvonm
/Y

Q (s | s1,82) = 28,2 (s}, 85 | s1,82) is constant in sy
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Adapted Garblings

an experiment E' = (S}, S5, 7) is an adapted garbling of E = (S}, Sy, 7) if there is
some 7y : (S X Sg) — A(S] x S5) such that
Q@ 7 =norx

Q (s | s1,82) = 28,2 (s}, 85 | s1,82) is constant in sy

@ “sy has no effect on s}"

@ Notice: (2) induces v; : S; — A(S])
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Conditional Distribution of Actions

e Sl X SQ

v <
S1 xSy Ay x Ay

@ For each £ = (S1,S,,m) and Aj, As, define
A(E,Al,Ag) = {Oé oT | Qo Sl X SQ -=> Al X Ag is adapted}

@ When does A(E', Ay, Ay) C A(FE, Ay, Ay) holds ?

e Holds if for each adapted o/ : S} x S --» A; x Ay there exists some
adapted o : S; X Sy --+» Ay X Ay sothat comr =d' o’

60/97



Informativeness Characterization in Dynamic Settings

The following statements are equivalent:
@ FE’ is an adapted garbling of E.
© For any action sets Ay, Ay, A(E', A1, Ay) T A(E, Ay, Ay).
© E is more informative than E' : V(E,DP) > V(E',DP)
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Informativeness Characterization in Dynamic Settings

The following statements are equivalent:
@ FE’ is an adapted garbling of E.
© For any action sets Ay, Ay, A(E', A1, Ay) T A(E, Ay, Ay).
© E is more informative than E' : V(E,DP) > V(E',DP)

@ What about (4) (MPS) and (5) (convex optimization) 7

@ Proof:
e (2) <= (3) analogous argument as before

o Suffices to show (1) < (2)
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Part | of Proof: (1) Implies (2)

O S xSy -8,
i
1 v
S1 x5y - 851
\AAl X AQ’ e Al
@ Hypothesis: E’ is a garbling of F
@ Goal: A(E, Al,AQ) - A(E/,AI,AQ)
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Part | of Proof: (1) Implies (2)

O 8 x5y 5,
Syx 8y -8y

Al X AQ';” Al

@ Hypothesis: E’ is a garbling of F

@ Goal: Find «, a; that make the diagram to commute
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Part | of Proof: (1) Implies (2)

6 51 x5, -5,
P ‘\/\(/m
SixSy-8y
Ay x Ay - A,
@ Hypothesis: Exist v, 7, that make the diagram to commute

@ Goal: Find «, a; that make the diagram to commute
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Part | of Proof: (1) Implies (2)

@ 51XSQ Sl

S! S S e
| \

1 X 2 1
\\‘—\ 1 \

\\—- l,l N

A1><A2' Al

@ Hypothesis: Exist v, 7; that make the diagram to commute

@ Solution: Take a =d’ovyand a; =ajoy
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Part Il of Proof: (2) Implies (1)

Q'JT”S;[ X Sz”” Sl

@ Hypothesis: A(E'; A1, As) C A(E, Ay, As) for each A;, A,

@ Goal: show E' is a garbling of E
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Part Il of Proof: (2) Implies (1)

O -5 x8; -8,

i
Six Sy Sy
\\\\\\\\\I“/ \\“\,__/(/

“S1x Sy - S

(*] Hypothesis: A(E/, Al = Sl,AQ = Sg) - A(E, Al = Sl,AQ = SQ)

@ Goal: show £’ is a garbling of £/
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Part Il of Proof: (2) Implies (1)

O 81 xSy 9,
SixSy-8y
\\\\‘\\\\I(\/ \\“i\m,_/(/ N

e, \\i \7;\\\\\\:‘
St xSy St

@ Hypothesis: there are some o, «; that make diagram commute

@ Goal: Show FE’ is an adaptive garbling of F

63/97



Part Il of Proof: (2) Implies (1)

O 81 xSy 9,
SixSy-8y
\\\\\\\\\I“/ \\“i\m,_/(/ N

. \\i \\;\\\\\\:‘
SUx S S

@ Hypothesis: there are some o, «; that make diagram commute

@ Solution: Take vy =«, 71 = o
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Extension Il : Multiple Agents

@ Suppose that there are n agents.

@ Suppose that each agent observes a private signal of a given experiment.
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Extension Il : Multiple Agents

@ Suppose that there are n agents.
@ Suppose that each agent observes a private signal of a given experiment.

@ What is the right notion of garbling?
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Extension Il : Multiple Agents

@ Suppose that there are n agents.
@ Suppose that each agent observes a private signal of a given experiment.
@ What is the right notion of garbling?

@ Does Blackwell's theorem holds for games?

@ Some parts hold

e Some parts do not
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Extension Il : Multiple Agents

@ Focus on 2 agents

@ Experiment: E = (51,53, 7) where 7 : © — A(S] X S5)

@ Agent i observes S;
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Extension Il : Multiple Agents

@ Focus on 2 agents
@ Experiment: E = (51,53, 7) where 7 : © — A(S] X S5)
e Agent 7 observes S;
@ Game: G = (A1, Ay, uq,uz, p) where each u; : © X A; x Ay — R

© i's strategy: «a; : S; — A(A)
© A profile @ = (g, ) induces v : (51 x S3) -+ (A1 X Ay)

@ Induces aom:© --» (A1 x Ap)
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Extension Il : Multiple Agents

@ Focus on 2 agents
@ Experiment: E = (51,53, 7) where 7 : © — A(S] X S5)
e Agent 7 observes S;
@ Game: G = (A1, Ay, uq,uz, p) where each u; : © X A; x Ay — R

© i's strategy: «a; : S; — A(A)
© A profile @ = (g, ) induces v : (51 x S3) -+ (A1 X Ay)

@ Induces aom:© --» (A1 x Ap)

@ What is the right notion of garbling?
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Independent Garblings

Definition
Say E' = (51,55, 7') is an independent garbling of E = (S}, Ss, 7) if there is some
v (S1 x S3) -+ (S] x S%) such that

@ 7'=n~or

© (81,5 | 51,82) = 1(81 | 51) - 72(s5 | 52) for some mappings 71, 7.
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Informativeness Characterization for Games

The following statements are equivalent:

@ FE’ is an independent garbling of E.

© For any action sets Ay, Ay, A(E, Ay, As) C A(E', AL A)).
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Informativeness Characterization for Games

The following statements are equivalent:

@ FE’ is an independent garbling of E.

© For any action sets Ay, Ay, A(E, Ay, As) C A(E', AL A)).

@ Silent about payoffs
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Informativeness Characterization for Games

The following statements are equivalent:

@ FE’ is an independent garbling of E.

© For any action sets Ay, Ay, A(E, Ay, As) C A(E', AL A)).

@ Silent about payoffs
@ Proof:

e Verify that the set of independent garblings forms a category

e Use same diagrams as before
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Blackwell's theorem states that “more information” is always weakly better
@ True for individual decision problems

@ False for multiple agents playing a Game
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Blackwell's theorem states that “more information” is always weakly better
@ True for individual decision problems

@ False for multiple agents playing a Game

e More information can make each player strictly worse off

e Example?

68/97



Example: More Information Hurts Players

State # = 1 or 8 = 0 with equal probability

Dy C Dy Dy C D,
Dy (0,0)  (2-1)  (-9,-9) Dy | (-11-11)  (-9,-9) ' (-9,-9)
C | (-12) | (1,1) | (-9-9) C | (-9-9)  (11) (12
Dy | (-9-9)  (-9-9) | (-11,-11) Dy (-9-9)  (2-1) (0,0

69/97



Example: More Information Hurts Players

State # = 1 or 8 = 0 with equal probability

D(] C D1 D() C Dl
Dy (0,0)  (2-1) (-9.-9) Dy (-11,-11) (-9.-9) (-9,-9)
C (12 (1) (-9-9) C o (-9-9)  (1L1) (1.2
Dy (-9-9)  (-9-9) (-11-11) Dy (-9-9)  (2-1)  (0,0)
0=0 =1

@ Prisoner’s dilemma with a Bomb!

@ If agents know @: Only equilibrium payoffs are (0,0)
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What if agents do not know 67

Average payoffs for common prior (%, %)

Dy C D,

Do (-55,-55) (-3.5,-5) (-9, -9)
¢ (5,-35) (L1) (5 -35)
Dy (-9,-9)  (-35,-5) (-55,-5.5)
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What if agents do not know 67

Average payoffs for common prior (%, %)

Dy C D,

Do (-55,-55) (-3.5,-5) (-9, -9)
¢ (5,-35) (L1) (5 -35)
Dy (-9,-9)  (-35,-5) (-55,-5.5)

@ If agents do not know where the bomb is only eq. payoff is (1,1)
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What if agents do not know 67

Average payoffs for common prior (%, %)

Dy C D,

Do (-55,-55) (-3.5,-5) (-9, -9)
¢ (5,-35) (L1) (5 -35)
Dy (-9,-9)  (-35,-5) (-55,-5.5)

@ If agents do not know where the bomb is only eq. payoff is (1,1)

@ If agents know where the bomb is only eq. payoff is (0,0)
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Alternative Rankings of Experiments
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Other Rankings of Information

@ Stronger than Blackwell

e Strong Blackwell order (Brooks, Frankel, Kamenica, 2022)
e Sufficiency order

e Strong martingale order

@ Weaker than Blackwell

e Blackwell’ ranking on dichotomies

e Lehmann'’s ranking (Lehmann, 1988)
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Strong Blackwell Order
Brooks, Frankel, Kamenica (2022)



Strong Blackwell Order

@ Blackwell's Theorem assumes absence of complementary information.

e Assume X is more informative than Y in Blackwell's order
e In addition the agent observes signal Z

e Is (X, Z) more informative than (Y, Z)?

75/97



Strong Blackwell Order

@ Blackwell's Theorem assumes absence of complementary information.

@ Assume X is more informative than Y in Blackwell's order
e In addition the agent observes signal Z
e Is (X, Z) more informative than (Y, Z)?

@ Not necessarily
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Strong Blackwell Order

@ Blackwell's Theorem assumes absence of complementary information.

@ Assume X is more informative than Y in Blackwell's order
e In addition the agent observes signal Z
e Is (X, Z) more informative than (Y, Z)?

@ Not necessarily

@ Important: complementarity and substitutitability of experiments

@ Can we find an order that is robust to complementary information?

e Yes! Brooks, Frankel, Kamenica (2023)
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Signals vs. Experiments

State space: ()

@ Experiment: (S, 7) where 7 : Q — A(S)

@ Signal: 7 is a finite partition of 2 x [0, 1]
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Signals vs. Experiments

State space: ()

@ Experiment: (S, 7) where 7 : Q — A(S)

@ Signal: 7 is a finite partition of 2 x [0, 1]

e Induces an stochastic mapping 2 — A({a,b})

o Captures correlation between experiments
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Signals vs. Experiments

State space: ()
@ Experiment: (S, 7) where 7 : Q — A(S)

@ Signal: 7 is a finite partition of 2 x [0, 1]

w=1L w=R
| | | |
I | | |
T 1 a b L b L@
7r/ c d d c |
€ 1L f ] L 1L f ]

e Induces an stochastic mapping 2 — A({a,b})

o Captures correlation between experiments
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Blackwell vs. Strong Blackwell

Definition

Say 7 Blackwell dominates 7’ (denoted 7 7Zp 7’) if for each decision problem DP,

V(x,DP) > V(x',DP)

The meet of two signals 7 \V 7r: Partition created by observing = and 7

Definition

Say 7 strongly Blackwell dominates 7’ (denoted 7 2Zgp 7’)) if for each signal &

TV T B7r \Vas
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Blackwell vs. Strong Blackwell

w=1L w=R
l l l |
| 1 | 1
T | a IL b | | b 1l a |
' | c | d d | c |
e 0 f | . e f
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Blackwell vs. Strong Blackwell

w=1L w=R
| ] | |
| | | |
T 1 a Il b | ] b @
' | c | d d | c |
T 1 € IL f | L € Il f ]

m g 7w does not imply 7 ZZgp 7’
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Reveal or Refines

Definition
Say 7 reveals-or-refines 7’ if each s € 7 either

@ Reveals the state

@ Reveals the other signal 7’
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Reveal or Refines

Definition
Say 7 reveals-or-refines 7’ if each s € 7 either

@ Reveals the state: P(s | w) > 0 for at most one w

@ Reveals the other signal 7': s C s’ for some s’ € 7’
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Reveal or Refines

Definition

Say 7 reveals-or-refines 7’ if each s € 7 either
y

@ Reveals the state: P(s | w) > 0 for at most one w

@ Reveals the other signal 7': s C s’ for some s’ € 7’

Example:
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Characterization of Strong Blackwell Order
Signal 7 reveals-or-refines 7’ if and only if 7 Z—gp 7’
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Characterization of Strong Blackwell Order
Signal 7 reveals-or-refines 7’ if and only if 7 Z—gp 7’

= Easy: Check signal by signal

o If s € w reveals w, then there is nothing else to reveal

e If s € 7 reveals signal of 7/, then 7’ V @ cannot do better than 7w vV 7
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Characterization of Strong Blackwell Order
Signal 7 reveals-or-refines 7’ if and only if 7 Z—gp 7’

= Easy: Check signal by signal

o If s € w reveals w, then there is nothing else to reveal

e If s € 7 reveals signal of 7/, then 7’ V @ cannot do better than 7w vV 7

< By contrapositive:

e If some s € 7 does not reveal w or 7/, then construct 7 that makes 7’ is

more attractive than 7
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5 5
'f? [ } i — m -t i
, f o
m —l n | ey
. £ ’ =4
n | —1 —_ L I =
F=mvn" | i P F=nvn"l B
@ 7 is not informative given 7 = TV T ~T
@ 1’ is (very) informative given 7 = TN -7
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Blackwell’s Order on Dichotomies
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Difficulties of Blackwell's Ranking

When |©] > 3 Blackwell's ranking is hard to verify:

“For two given experiments ... neither (the definition of more informative)
... nor any of the six equivalent conditions . .. yields a systematic method of
determining whether (one experiment is more informative than another).”

— Blackwell and Girshick (1954)
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Difficulties of Blackwell's Ranking

When |©] > 3 Blackwell's ranking is hard to verify:

“For two given experiments ... neither (the definition of more informative)
... nor any of the six equivalent conditions . .. yields a systematic method of
determining whether (one experiment is more informative than another).”

— Blackwell and Girshick (1954)

Example:

@ Unknown state 6 = (i, 0?)
@ Two signals: X ~ N(pu,0?) and YV ~ N(p,0.25 - 02)

@ Not comparable in the Blackwell sense
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Blackwell's Ranking with Binary States

When |©] = 2 Blackwell’s ranking is easy to verify:

Fix distributions ¥ and F on [0, 1].

F is MPS of F if and only if:
© Same posterior mean: Ep[Z] = Ex[Z]

© Second-order stochastic dominance: for each z € [0, 1]

/OtF(z)dz > /Otﬁ(z)dz
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Assume F is a MPS of F: There is some probability space with Z ~ F' and Z~F

@ Part (1): Law of iterated expectations
E[Z] = E[E[Z | Z]] = E[Z]
@ Part (2): Recall MPS is equivalent to dominance in the convex order

e The function ¢y(x) := (t — x) - 1]z < t] is convex

1 1 _
e Dominance in the convex order: / oi(z)dFz > / oi(z)dFz
0 0

t t 1
e Integration by parts: / F(z)dz :/ (t —x)dFx :/ oi(z)dFz
0 0 0
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Exercise (Proposition 3 in Tilman's notes)
If (1) F and F have the same mean, and

(2) F second-order stochastically dominates F',

Then F is dominates F in the convex order.
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Exercise (Proposition 3 in Tilman's notes)
If (1) F and F have the same mean, and

(2) F second-order stochastically dominates F',

Then F is dominates F in the convex order.

By previous slide (2) is equivalent to:

1 1
/ ¢i(x)dFz > / ¢i(x)dFz  for each t € [0, 1]
0 0
To show: F dominates F in the convex order

1 1
/ h(z)dFx > / h(z)dFx for each convex function h
0 0
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Blackwell Ranking in Dichotomies

For each experiment E = (S, ) and each subset 2 C ©, write Eq = (S, mq) for the

experiment restricted to the state space (2.

Definition

An experiment E = (S, ) dominates E' = (S’,7’) in the Blackwell on dichotomies

order if Eq dominates EY, for each dichotomous subset 2 = {0,6'} C ©.

@ Blackwell dominance implies Blackwell dominance on dichotomies
e Why?
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Blackwell Ranking in Dichotomies

For each experiment E = (S, ) and each subset 2 C ©, write Eq = (S, mq) for the

experiment restricted to the state space (2.

Definition

An experiment E = (S, ) dominates E' = (S’,7’) in the Blackwell on dichotomies

order if Eq dominates E, for each dichotomous subset Q = {6,60'} C ©.

@ Blackwell dominance implies Blackwell dominance on dichotomies
e Why?

@ Blackwell's ranking on dichotomies is (strictly) weaker than Blackwell's ranking
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Blackwell Ranking in Dichotomies

For each experiment E = (S, ) and each subset 2 C ©, write Eq = (S, mq) for the

experiment restricted to the state space (2.

Definition

An experiment E = (S, ) dominates E' = (S’,7’) in the Blackwell on dichotomies

order if Eq dominates E, for each dichotomous subset Q = {6,60'} C ©.

@ Blackwell dominance implies Blackwell dominance on dichotomies
e Why?

@ Blackwell's ranking on dichotomies is (strictly) weaker than Blackwell's ranking
e Example? Exercise
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Open Question?

@ Blackwell ranking ranks information for all decision problems
@ Blackwell ranking in dichotomies ranks information for some decision problems

@ Open question: What is this subclass of decision problems?

e It is simple to characterize?

o Nice applications?
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Fix a binary state space © = {#,0}. Call a decision problem DP = {A, u,p} simple
A ={L,H} and there is some k € R so that

|

0

Exercise (See Tilman's Notes)

Assume © is binary. Experiment E dominates E in the Blackwell order if and only if
V(E,DP) > V(E,DP)

for each simple decision problem DP.
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Lehmann’s Ranking of Experiments



Restrictions on Information Comparison

@ Blackwell order compares among all experiments, and all decision problems

@ What can we say if we restrict the environment?
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Restrictions on Environment

@ Restrict to “monotone” decision problems

o O=[0,0)CR, ACR,
e U: 0 x A — R satisfies single crossing condition / KR monotonicity

“Higher optimal actions for higher states”

@ Restrict to “monotone” experiments
o F:0—->A(X), X=[z7]CR
@ Interpret F(- | 0) as a CDF

e F satisfies monotone likelihood ratio property (MLRP)

“Higher signals indicate higher states”
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Monotone Decision problems

Fix © C R and A C R and utility function u: © x A — R

Definition (Karlin and Rubin,1956)

The utility function u is KR-monotone if it is quasiconvex in a, each action is best

for some state, and the set of best actions given @ is increasing in strict set order in 6.

Definition

The utility v : © x A — R satisfies the single crossing property if for any actions

ap < ap € A and states 6, < 6, € O, the following holds:

U(@g, ah) Z U(@g, ag) implies U(Qh, ah) Z U(Qh, ag)

@ KR-monotonicity is not weaker nor stronger than the single crossing condition.
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Monotone Experiments

Interpret F'(- | §) as the cdf of the signal x in terms of the state # and f(- | ) the

associated density

Definition
The distribution F' satisfies the monotone likelihood ratio property (MLRP) if

for each 0, < 0;, and for all x in the support of F,

f(@ | 6h)
f(@ | 6)

is non-decreasing in x.

Implies first-order stochastic dominance of {F'(- | 6)} over 0
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Lehmann' s Ranking of Experiments

Interpret F'(- | 0) as the cdf of the signal x in terms of the state

Definition

F dominates G in Lehmann’s ranking if for each 6 < 6’ and each z € R
F(G(z]0)10) < FH(G(z]6)]9)

AP oot [(Flx | 0),F(x | 8N :x€R}
- [(1=Flx | 8),1-Fix | 8)):x e R

- fe [(Glx | 8),Glx | 8)):xeR}
mpee [(1-Glx | 8),1-G(x | 8)):x€ R}
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Lehmann/Persico Theorem

Theorem - (Lehmann/Persico)

Suppose F' and G satisfy the monotone likelihood property and F' dominates G

according to the Lehman’s ranking. Then, for each monotone decision problem DP,

V(F,DP) > V(G,DP)
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Relation between Lehmann and Blackwell

Theorem - Jewitt(2007)

Restricted to experiments that satisfy the MLRP condition, Lehmann’s ranking is

equivalent to the Blackwell ranking on dichotomies
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Relation between Lehmann and Blackwell

Theorem - Jewitt(2007)

Restricted to experiments that satisfy the MLRP condition, Lehmann’s ranking is

equivalent to the Blackwell ranking on dichotomies

@ Blackwell ranking on dichotomies is easy to verify.

@ Remark: This holds only over the MLRP condition.
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